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The arguments leading teo the formulatien of the Actinn Frinciple
for a general field are presented. In associatisn with the complete reducticn
of all numerical matrices intc symmetrical and anti-~symmetrical parts, the
general field is decomposed into two sets, which are identified with Bose-
Einstein and Fermi-Dirac fields, The spin restriction on the twe kinds of
fields is inferred from the time reflectinn invarisnce reacuirement, The con-
sistency of the thacry is verified in terms of a criterion involving the
various generators of infinitesimal transformations., Fnllowing s discussien
of charged fields, the elactremagnatic fleld is introduced to satisfy the
postulate of general gauga invariance. #s an aspect of the latter, it is
recognized that the electrrmagnatic fisld and charpged fields are not kine-
matically independent. After a discussicn af the fisld strength commutation
relations, the independent dynamical varintles of the alactromagnetic fielAd

are exhibited in terms of a spacial gauge.
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The general pragram of this neries(l)is the construction of a

(1) Part I, Fhys, Rev, 82, 914 (1951)

thaory of quantized fislds in terms of a singls fundamantal dynamical primciple.

Wa shall first present a revised account of the developments containad in the

initial papsar.

Tha Dynamicgl Principle

The transformation functiens cannecting various represantatisns

have the two fundamental properties.
@l (1EY 46 7))
(167)7= (671

whers gdﬂ’

spectrum, If 514”l69 is any infinitosimel =ltoration of tho transfor-

)

symtolizes hoth integratinn and summaticn over tha eigervalue

matinn function, wo may writs

(18 =1 (ol of Wap ¥ ) (1)
) ,
which sarves ns the definition of the infinitesimal operater C{—h/ciﬁ

Tho requirament that any infinitesimel nlt.raticn maintain the nultiplicative

composition law of transformation functionc implies en additive compesition

law fer the infinitesimel orerators,

d Way = § Wap +0 WX (2)
If the & and B

é Wia = 0

which exprassis tha fixad orthcnarmnality roguirements on ths eigenvecters of

raprasantatisns rre iduntice?, we infar thnt

a given ropresontatimn, On identifying the & and )

laarn thet d W@q s ’0(";5

reprasentntions, we

-

A1
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The second property of tmnsformntfion functions implies that
- . ¥ ! - i
~ (1 §Map | &) = - (®ld Mg )
V(8] 4 Wea I’\'),

"

or _ . —-
G Wy = d Wap
tho infinitesimal oparators (‘/«ﬂ ars Hermitinn,

The fN«t@ posseas anothar additivity property referring to
tha composition of two dynamicrlly independent systams. Thus, if I and II
designate such systems, ' , , p

(a9 1 6; 6 ) = (12 [06) (42 B )

and if CrW.f{ﬁ and d%/q,e are tha oparators charactarizing infini-
tesimal chengas of the seperats trensformaticn furctions, thot of ‘he composite
systsm is CrW:(.ﬂ = J—Wa{(&r ’ J/L;~z .

Infinjtesimal alterations of eigenvecters that prasarv: the ortho-

normality propartia2s have th: farm
T N
W) =cFE) Og,
{%(4) = -C 6.\ %(‘1,) Y

whare thas generntor 6(,‘ is an infinitosimrl Hearmitian opirntor which pososses
an additivity proparty for ths composition of dynsmicnlly indaipendent systems.,
If tha two eigsnvectors of ~ trensformetion function ars veriad indspsndently,

the resulting chengo of tha transformatiocn function hns ths gonaral structurs (1) .

with JWa(l = 6,,( - 6, .



O PR Sl 4B T BT & WD I dundrliial A WA My WP LY

i
:
:
¢
3
%
|
!

The vector

Fu) +d Y = U=00a) £
can bo charactorized as an eigenvector of the operator set

T-U-i6)al144Ga) = 4 -Jx

]
with the oigenwelues A Here

' .
dx = +[* God
This infinitesimal unitary transformetion of the eigenvector ? ("7 induces

a trensformation of sny operator F  such 't.hnt
(«'|F1<") = (FIF137)
Wa write this in the form - _F J"}
- / o (ﬂ ’F F)l )
or, in virtue of the infinitesimal nature of the trnnsformation,

FaFlan) = (CIFFIS),

whare ths left side rofors to ths change in the aigenvoctors for a fixed F,

whils tho right side rrovides an osquivmlant variation of tha opirnter F, given

by §F= F-F =4+[F6.]

If the change consists in the altaration of soms paramatar

upon which tha dynemical wvariatles depend, and which mey occur oxplicitly in

. FHASF).
= F «+ cfrF"arF

F, we have

where J- T F is the total alteration in F, from which is subtracted

af F , the changs in F associated with thi explicit appoarance of 7J ’

. 8ince tho lattar cannot be produced by an oparator transformmtion. We theraby

nbtain the "equation of motion" with respect to the parameter T

’

-3
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[YF: arF t 4 EFnGJG'] - (3)
For dynamicnl systems obeying the postulate of local action, come

plete descriptions are provided by sets of physical quentities, §' ’
asgociated with space-lika surfaces, ¢ o An infinitesimal alteration of
the general transformation function (_go' OTI (':_01) is characterizad by

J—(f”mjg:-(‘):o(f;m/fM’,fz“aZ), («)
Hore the indices 1 and 2 refer both to the choice of a complote set of come
muting oparators f, nnd to thy spaca-like surface I ., Ws can, in
particular, considor trrnsformetions butweon the sams set of oparatcrs on

diffarent surfrcis, or betwsan differint sets of commuting opar~tors on the

snm3 surface, as in dr(f"d‘l 33"0'} = 4 (f"a' /fW/flf) -(5)

One typs of chango of tho genoral tr-nsformation function consists
in the introduction, indepandontly on ¢, and on (5, of infinitssimal unitery
trensformntions of tho oparators, including displecomurts cf thesa surfaces.
The trensformitions will ba genarrtad bty oparetors &, and Gl, constructed
from dynemical veriatlus or &, and @, , respectivaly, and

JL/"" ":6."‘61 (6)
Whan ths transformation function connacts two diffarant scts of opemtors on
the samo surt‘aco,_which aro subjucted to infinitasime} transformations ganara-
ted by & and ¢ raspictively, we hnvi, mfarring to (5),

Fw:6-6 (7)
Since physicnl phenominn at distinct points on = spaco-like surface aro dynami-
celly indspendent, » gonarator G ‘must havy the additive form

Gz fedo G = (doun Gulx),

whare da- is the numerical measurs of rn ulsment of spacae-lika aria and

dym
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(5o(X) 1s to be regarded as ths time-1ike component of a vactor in a
local coordinato systom bassd on & in ordar to give the surface integrel
an invariant form. If ons can interpret GAWon G, ,andon O, , as
the.vnlues nf a voctor defined at all points, tho diffarencs of surface into-
grals in (6) can be trag:formod into the volume integral
Sty = Sordes e Gy (0% %)

A second typs of transformation function altsration is obtainod
on considoring thet tha trensformation connecting 5’, , O, ,nand 5;,71,
can be constructed through ths intermediary of an infinita succossion of trens-

formations relating oparetors on infinitesimally naighboring surfncas. Accord-

ing to tha genorel additivity property (2),
ko
)
d \A/l B ‘é‘. d‘\"/‘r"dﬂ':'f—

whero C(‘h4r+A¢-¢1- characterizss a rodification of tho transformation

)

functicn connacting infinitesimally diffaring complets sits of oparntors on

tho infinitesimally sepnrated surfaces G and G +do. If the choice of

intermedinte opsretors dapinds continuously upon tha surfacs, ws shnll have
JA h/a-,a‘ =0,

and, raforring sgain to the dymamicel indspsndence of phinomens at points

soparatod by a space-liks interwal, with tho consoqusnt additivity propasrty,

wa se3 that c{.bbér¢J¢ ) will have ths gensrl form
cvdo
§ Worac,o =5 (ax) g &L
Tharafore

J‘Mt: C,:a‘)(fd‘i(x) ] (8)

The combination of thesa twn types of modifications is described

. G -
by JW.L = 60 "CD;'*[U_‘(JX)JX(‘) )
which involves dymamicel veriables on the surfaces 975 , O, , and in the

-5-

e R e s 5 oA e



N PPy R

ok, 0 SNy
TR . AT X St PN G T s

interior of the volume bounded by these surfaces., On the other hand, we can

write this as the volums integrsl

d Wi = L?Ju [dX () + G0 ],

which indicataes, convorsely, that any part of Jf(x) y possessing the form

of a divargence, contributas only to the generation of unitary transformetions
on ¢ amd T,

The fundamental dynamical principle is contained in tha postulate

that thare oxists a class of transformation function altsrations for which

ths charactarizing operators f Wi» are obtainsd by appropriate variation

of a singls oporator Mz ’
é\Mx = J‘(“l”')'

Of courss, this principls must ba implamentad by tha explicit spscificnation of
that class,

Tho oparter Wi , tha action integrel oparator, ovidently pos-

G )
x
sess tha form ld//), = ,(o',_(dl) K ll

The Harmitian requirsment on (;r W 1s satisfied if [4/., is Harmitian,

which implies the same proparty for 56 (x) , the Lagrange function oporetor,

In order thet relations between states on G+ amd 72 bs invariantly

charactarizad, tha Lagrange function must be » scalsr with respect to the

transformations of the orthochronous(z)l.orentz group, which pressrve the temporal

order of <>

(2) This nams was suggosted by R. J, Bhabha, Rav, Mod Phys. 21, 451 (1949)

and O . A dynamicnl system is specified by exhibiting tha Lagrenge

function in terms of a set of fundamsntsl dynamical variablss in tho infini.

tasimal neighborhood of the point X ., Containad in this Lagrango function

b



B

will be certain numerical prramaters, which may ba functions of X . Any
change of these parametors modifies the structura of the Lagrange function and

is thus an altoration of the dymamical system. Accordingly, infinitesimal
changas of tho dynamicel system are described by
Sy = [ o) &L
S

vhare d &% =ﬂ£"') , and the numericsl parameters are ths objact of vari-
ation, This form is in sgreemant with (8). For a fixid dynamical system,

Ml can be altered hy displacing the surfaces (J,; , G;‘ , and
by verying the dynamicel variablas contained in the Lagrange function., The
transformation function ( f,b: /f:‘;) dascribas the relation betwsin two states

of tha given system so that a change in tha transformation function can only

arise from alterations of the statas on o and G. . Hence,

for a fixed dynamical system wo must have

JML = G, - 6\. /
whare ({‘lfl/n = f( ”'/n.) and the objacts of variation hire =are G, , O': ’
and the dynamical variablas of which i is a function,

The lattaer statemont is ths opirator principle of steticnary
action, It asserts that ] Wil must bs stationary with respect tc vari-
ations of the dynamicel variables in the interior of ths rigion definad by

B and d~ , since 6, and 6; only centain dynamical
variables associated with ths boundaries of the region., This principlo implies
equations of motion for thae dynsmicel variablaes, thet is to sey, field oquations,
and provides exprassions for the generators G ) and 6; . Tho class
of variations to which our postulete refars can now be defined through the

requirement that this information concarning field equntions ~nd infinitesinnl

unitary transformations be sclf-consistent,

-7-
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Thers exists much freedom within this class, as may be inferred
from the remark that two Lagrenge functions, differing bv the divergonce of a
vector, doscribs the same dynmical system. Thus,

L (3= L (x) = & £,

yields

\/v{l — Lﬁ/fiL. - (’\A/z - \N/EL ) "y

whare, on oach surface,

W = [ dof = drf,

Accordingly, tho stationary action principls for \A/;a is setisfied if it
is obeyad by V/';' since

/

W, =G -G

2
Hare,
. , - — . ) -
cj W, = (r, "‘(;j ) b;‘/J{‘ = (T; - C};
defins (}7 and /7} , which aro now gensrators of infinitasimel
unitary transformetions on 7~ and 7 y respasctively, Tha latter

aquations possass tho form (7), and thus characterize transformation functions
connscting two diffarent reprasantations on a common surfaco. Indeed, with a

suitably elaborate notation, we recognizo in {9) the additivity proparty of

action oparators,

Wi~ 2 T\ \
§ o0 e gl AV e \/ o ./.l ‘
Dy L | ) pa Ji 4, I 5 :)I 7, ) ') 17 VJ" J'_ ) S— -
vhere, for oxample, e 27A v
WA :
Ve e | . —
! oo [STES Wi R
and ' !
\v C 1‘-/\/", —
4 (),' */’; ) ‘1‘ (] 1.

To be consistent with the postulate of locel action, the fiold

—8-
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equations must be diffsrential equations of finite order, Ons can always

convart such squations into systoms of first order equations by suitable adjuno-

tion of variables., Ve shall designate the fundamantal dynamicel veriables that

obey first order fisld equations by %r ( X) , wnich form the com-

ponents of the gsneral fisld operator ’L (x ) - Vith no loss in gener-

ality, wo take )_ (X) to ba a Homitian operator,

. r ,

)(r'(x) iy jfr (x) o
If the Lagrango function is to yleld field equations of the desired structure,
it must be linear in the first derivatives of ths fisld opsrators with rospact
to the spaco-time coordinates. Furthermore, if thaose field equations are to
emerge as explicit equations of motion for field components, thet part of the
Lagrange function containing first ccordinets derivetives must be bi-linear in
the field components, With thsse preliminary romarks, w3 write the following
gensral expression for thae Lagrange function,

+ _ /) A D ' ’ /oy
A = FA ol K =l KN ) ) ()

. - ! 7
in which a matrix notation is emplnyed,

I

j‘ V . /) - S \
,’,. A }/ ‘/{i«" ( V/t)' \J’ .'(.-
The derivative torms have been symmotrized with respect to the operation of
integration by parts, a procass which adds a divargence to the Lagrange functionm,
and is thus without effect on the structure of the dynamical system. In order

that ./ bo a Hermitian operator, the general function ;’f must possess
this character,
v, - i Lo
1 \ . .
J%( L! - /!/ (/( ‘ ,
and the numerical matrices . A ! 4 .* /lmust be Skow-
/(‘: )1‘ s 'J ') -'Y" ”:’,Y -("‘V}
Harmitian,
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Although we ars interestad in complete dynamical systems, it is
advantagecus mathematically to employ devices based upon the propaerties of
external sources, Accordingly, we add to (10) a term designed to describe
the genaration of the field Z (X) by an extarnsl scurce 3: (x) , which

i3 to bs regarded as a fisld quantity of the ssmo goneral naturas as ,Y, () ’

P 14 .
J AN B . : ' A
:’“5‘>r'(o - u{ { I W) /(+ .«z//j g'). (//,'
This is a Hirmitian oparmtor if d-? is a Hormitian matrix,

Lt -
p
[> - (-.:‘) ¢
For the sourca concept to bs meaningful, all components of / must occur
coupled with the source cempcnents in (11), which requires that /]'3' be a

non-singular numarical matrix,

An orthochronous Lorantz transformaticn

XL io,. X + Fo
r":-lv ':44;"J)

induces a linsar transformeticn on tha fisld components,
PR SN

whare 7/  must be a rasl matrix,

»

lam

4
to maintain the Hermiticity of ’ 4+ The scalar riquiremant on / is

satisfiad if +-/ is a scals=r,

MLy YT

and if

-10 -
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We shall suppose thet the sourco possossas the same transformation proporties

a8 the fiald, The conditicn for the scurce tarm of th3 Lagrange function to

be a scalar 15 then given by
oD S 72
L4350 =15 . 3,

Noto that )le and IE; also otay Eqs. (12) and (13) rospoctively, end

4

that thesa squations cen be combinad into

LIS AL =0, (370)

7
in view of tha nor-singular charcctar of ,{5? .

For on infinitosimel Lorentz transfcrmation
/

X : IK -~

o T
A Lo (/u. 154 )I“’, 4 E)[c. P [V ¥ ) Ckﬂ»‘-

tha matrix _  can be written

/._ =z /- /.j (:‘,-;, S,u, v (,’-4)

whare

¥ o , .
N - T Lulv ’/‘-’ 1 L I ’/5

The infinitesimal varsicn of (13) is

SRS P
- ~5;1;/ R SRRV Y ij T o~er

or

S - r -
v ‘lb,u’lf) -- (J:l)\),nv/) ,

in which the complox conjugats stataments refar to tha components indicated

in (15). Similarly,

*T . N R i 7
)JLL SVA o ~9 A }{u = '(S‘h A '/‘Xl' —Cren / )} ({)

A
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T ot PR o =l .y
LB ’v/t"ll JV,\_? f/(,).UA dj% "J/lll- IJ),//A) .

If one views } -:(/._ (‘3_ Eur ;ba a field in the original coordinrte system

-

and thus subject to the samo dependemce upon that coordinate system as A&
it is inferrod that

-l —
L ‘a‘”’z‘ —C‘"“ ’;/NS:\H .

For infinitesimal trsnsformetions, this reeds

/'éguv,gz\/(] = C/(“H S:W\ B dr‘;" ‘?“A * O‘:A ‘(/‘;“f ‘°9i4451af
In parforming the variation of the action integml, wa shall troat
the two typas of quantities, coordinatss and field variables, on somewhat the
same footing, although the former are numbors and the lattar opurators. We
introducs an arbitrary variation of thay coordinates, r}' )(’“_ , throughout
the intsrior of the ragicn, but subjoct to tho ccnditicen t:hat thae boundaries
roemein plans surfaces,

N r ) - —
0/“ (),Y.L *+ O OX/L = J

¢7)
on g and G, . Tho fiald ccmponen{:s l,(x) are depondant beth
upon thi cocrdinata system and the "intrinsic field". Undar a rotation of
the coordinate systam, tha field componants are altsred in tho manner described
bty (14). Accordingly, we writs the gonsral variation of ths fisld as ths sum
of an intrinsic field varintion, and of the wariation inducad by tho lcecal
rotation of the coordinate systom, p

§2) = JL = L(PudX )5, £,
where the anti-symmetry of .(:u_ . ensures that only tha rotetion part cf the

coordinate displacement is effoctive. For ths scurce fisld, a prascribed

function of the coordinntes, we have

J(§) = J X )f , (/%)

:
!
3
:s
i
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We also remark that
§(dx) = (%) du I X,
and

d(d) = -(dudx,)a,

vhence

S(UE)= )= (A dryox. (19

The Lorentz invrrianca of af produces a significant simplifica-
tion, in computing the contribution to ¢5.(¢Zf) from the ccordinate induced
variation of ;22 » Thus, if 92‘ éL*,, wora anti-symmetrical and constant,
its coefficient in tho veriation of the Lagrange function wculd wvanish iden-
tically, save for the scurce term since the rotation induced changa of gf is
not presant in (18), Accordingly, for tha genaoral ccordinate wariation of
(10), thers remeins only thcse terms in which ‘)44_ orX_V is differontiatod,
or occurs in the dilation combinaticn, g\‘_ d",(b -~ Jv 6"’){,4.4, . Both

types ara containod entirely in (19), which laads to

S(L) = dd =4 (e S, # I5IF XA G0 L1y P
(%%JX Y4 Z(A.S,, +$ N

- L ) r 7
HOdn (£ BS2 - 28], €5)
In virtue of the symmetry of the second derivative,

Ay, dx) l(,{g* S, + Q: A Z

(e, Ty + Sh i, ) KO Sun # S0 A )2
~(d, Ix, + dadx,) I [ £ ,fs,,.,\;f)z]

wl3-
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vhore tho last atep expressos the result of an integmticn by parts, for
which the integratod term vanishes, since the dilrtion tensor is zaro on

thy boundaries (Eq. (17)). Collacting the coafficients cof €L~ c{:K’,
inte the tongor 17. ue kavo

S,

whire
r : ﬁ - .L - . y
Z2 ‘;V % ('KXIK/«- o) X - & KA ) ¥ (29)
‘L S 6
(EE5 X -28 624500, 5, 45, ,/A)

and we have employed 2 nctation for the symmatricel psart of n tansor,

Mo Oy = F (4. d, » ¥ I

Tha exprassiorn for Cycif is
OL = d VA ¥~ XA T H - SHr

f-L(JZO.JS -4 g‘)(( /'&/1‘ orX .l./zﬁ/)‘ f’fd‘F’fZ)
Ly SE-JEN, 21T

Hanea, on aprlying v pria-inle cof szn»icrar, nzti-n tc coordinata snd

fisld variatiors, s:pnarataly, 4o obtain

Do Tor. =L (X B §+ e EEEZ),

A
and 21
EH = SH A dfe 2= XA S 7 4 (S # Fi54Y

while ths surfacas terms yiclc, on c;' nnd 65; , tha infinitesimal genar-

ator

6= [dG[E (U TH- SXA ) ¢ T I, T,

¥
:
4
!



The cperator 7-/ is an arbitrary, invariant functicn of the
tield X o If its wriation is to possoss the form (21), with
appearing on tho laft and on tho right, the IJattor must possass elemontary
operator precpartiss, characterizing the class of vn*iatiana te which tho
acticn principlo refers. Thus, we should be able tc displaco ¢5 & antirely
tc the left, or to the right, in the structure of cf_;9/ ’

SH=GH(WH) = ($) 2,
which dofines tho left and righf dqrivntives of dff/ with raspact tc ;2; .
In viaw of tho ccmpleta symmetry botwaen left and right in tho procass of
multiplieation, we irfor thet the orprossicns with th;Z: on ths laft
and on the right are, in fact, idsntiecnl. The field equations, tharefora,

pcssess tho two equivelent forms
1. Ju X = (G Hor) -BF
LXad =(FHz)-€i3,
and G- can bs acuivalently written
G=jdo[xA JX+ T, 447
=[dal - SXA X T dn T

(22)

In keeping with ths rgstrictioh cf tha stetionary acticn prin-
ciple to fixod dynamical systems, tha cxtarnrl scurce hes nct been sltared.

If we ncw introduce an infinitesimal veriaticn of , and extend tho

g
J

(o
, wa cbtain the two

argument of the previous paragraph to J S

equivalent expressicns for the changs induced in W/, ,

&, W/ f(dx)JfBZ L (d) X BSE

w)ba

st
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The corresponding modification in the relation between states on (  and
on Oy oan be gscribed to the individusl states only 1£ one introduces
a convention, of the nature of a boundary condition. Thus, we may suppose
that the stete on @ is unaffected by wvarying the extornel source in
the region batween 7 and 7y . In this "retarded" description,

tfg M;_ generates the infinitesimal transfcrmation of tha state on

77 + An alternative, "advanced" description corresponds to — °€‘ hiu
genorating the change in the state on 05‘ y with a fixed state on 7,/
These are just the simplest of possible berundary conditions,

The suitability of the designaticns, ratarded and advancad, can

be seen by considering the matrix of an operater censtructsd frem dynamical

p—

variables cn some surfaca » intermediate botween 7 and 7, ,
L4 3 ’,
(55 |F@)t, )= f( 18T IR TS T3 7),
An infinitesimal change of ths scurce e procuces tha fellowing chengo in

the matrix olement,

Grg (Jj'o‘,‘//:(a'),,a ') (3’ /(df,/-(z)rto€l»v F(v)f'b/‘(d)c%n/«-;)/;hg
(ST R v ((FIdlsy) ) 57 )

in which wo havs allowsd fcr the possibility that /A~ (o) may bo ox-
plicitly dependent upon the scurce, and introducad a nctation for temporelly
ordered products, The matrix element depends upcn the sxtarmal scurce through
the oparater /A~ (6) , and the eigenvectors on 0, and 73 . One
theraby gots various exprassions for o(g F(7) » dapending upon the bcundary
conditions that are adopted, Thus, if ths state on (3 is prescribed,

we find
S F(P)] = F@) s (R dghda), - I W; Fr) (a3

«16=
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which only inwolves changes in the scurce prier to, oron 7~ . The

=d, F(7) + c'[F(rr)'{F “‘2 _],

opposite conventicn yields the analrgrus result

JéF(f)Jadv = o F(o’)ft(/*(/‘)af ) 177 d 14/,&
- (;f F(e) - [F(7), d ]_
Note that

LF@] - &F)], =dF@) g W7

The oparator G of Bq. (22) oonsists of two parts,

G—' Gok + A}

whare

Crx = [ XA TZ =~ fugz 2y 2
and
—-ﬂf 7uv Jj =&, ,:) é;“” ‘L“
The latter form of G:J is a cogeoquence of the restrictirn to plane

Jowe-1iks surfaces, limiting displ‘s’mta to infiniteosimal translations and
B

rotations, ;.

4

g

i

H W I K
; with the-associated cperators, St onargy-mementum vactor
;

"6/?# T

and angular momentum tansor

f‘ldf‘ A Vv

M" L %‘*f\v - X 7;,««
The cperator (3 o x evidently gonsratas the infinitesimal

transformation of an eigenvestor, produced by the displacement of the surface

«17-




to which it refers. With the notation
¢ ,
KH¥GST) = (6, +§ &ur bYW (TT)

we have
PR o
th W) =T R L W= By i),

and /

r ’ 7 ’
7% Ou o () = 9%6}07),35‘1,) c C£;7’ 97(:f3~)==\Z:;'9P{S1f)

1t F(7) i5an arbitrary function of dynamical variablas on 7 , and

pessibly of non-dynamical parameters depondent on 0~ , we uso the notation
- - - 7
b Flr) =(€,dy +4 € dun JFCT)

C)XF(U') :(fy 7y *I{ Z;u.vC}uv)p(V-),

to distinguish betwesn the total change on displacement, and that oceasioned
by the explicit appearance ~f ncn-dynamical parameters. On referring to Eq (3),

ve seo that

d, F(r)= &y F(r) + JFECr), /?,j‘
Sper F(T) = e FT) + LFr) Tua]

The proper interpretation of the gemerating cperator C— Jx can
be obtained by ncting its equivmlence with an appropriately choson infinitesi-
mal variation of the axterml scurce. Consider the fcllowing 1nfin1tesi:;al
surface distribution on the negative side of /. ’

BIE = A, ST (Xw), (24)

which is not incompatible with the operator properties of these variations.

=18




We have assumed, for simplicity, thmat the equation of the surface (7 1ia
X(O) = 0. With this OhOiO',

Jg"‘//g =fr_Jr1)¢,o,JZ=GJ,,,

The change that is produced in Y can be deduced from the variation of
the field equations,

aA,, d.dg ¥- '-fg (% F/32)

i

-I5d¢
= -)f(o) JZ cf&m ).

Evidently thara is a discontinuity in J{ Z , on crossing the surfaco
P
distribution . ¢ , which is given by

a)dto) Jf l] = "40) d £.
In the retarded description, say, JF Z is zero prior to the scurce
bearing surface, sc that the disccontinuity in J? 74 is the change induced in
7, on (the positive side of) T . Thus, the surface variation of
the external scurce sirmulates the transfcrmation generatad by & Sk in

which 7((0) ]4 _c:n a is replaced by
Ay £ =Awy ¥+ o> ‘%z (Qg)
= Ay X % Hey I -

The matrix )¢(o ) has been retained in this statement since it is
a singular matrix, in genaral, Ths number of compcnents of that appear
independently in (25) equals the rank of the matrix ;4(0) , and this is the
number of indepandent component field equations thet gre equeticns of motion,
in that they co.:mtain time-1ike derivativas. The expression of (25) in terms

of the generator GJ‘)«- is
[”ro)y‘, GZ; /= L‘Tz/“”/(o:JZ- (‘2")

-19-



The factor of 1/2 that appears in this result stems from the treatment of
all components of )ﬂ(o) Z cn the same froting; we have nct divided them
into two sots of which cne is fixed and the other varied, If /4  isan
arbitrary funoticn of )¢(O) Z om (— , we write

LF, 6pnl=c(8F)y = et dyy, 2
When tha field equations that are equations cf constraint prove sufficient to

oxpress all componants of &  in terms of /V(o) £, vo can oxtand (26)

into
L%,652T= ¢ é’(o)l £

Of course, ona must distinguish between these variaticns, in which cnly tha

)V/o) l are indapendent, ard the incdaependent variations cf all
components cf )ﬁ which produce the equatirns of crnstraint from the
action principle.

In order to facilitate tha oxplicit censtruecticn of the field
ccmutetion rolaticns, w2 shall intrcduce a raducibility hypothesis, which is
asscciatad with the Lorentz invariant process of separating tho matricos

)(/“ ’ 6 intc symmetrical and anti-symmetrical parts, We
raquire that the fiald and tha scurce decrmprse intc twe sets, of the first
kind Z(':)_ ¢ , f"’: s and of tha secend kind, Z-(z_—)_ y/ , S,(l): 7? ,
as a conccmitant cf the decompcsiticen

)d }411 /:2) /?: B(/)f /3)(43

)
7°0) tr) gy ()
Au = -AL | =67
“M2) (2)

)’/“ =)4/“ f;;v(z) - 311.)'
/

%
|
|



The matrices cf the first kind are real (/4.:. 0.3 ), anmd those of the
second kind are imaginary, Wo shall nct write the distinguishing index whon

no confusion is possible,

Accerding to this reducidbility hypothesis, the fiold equations in
the two equivalent forms '

24, o * :(‘% :}'//91)-@?,
-2A du# = (% Hon) - 5

~

separate into the twc sets

34 A O = (PH[2p)- B3, (3THop)= (% Hp),
and

A Dt = GHIW) - (g Hyow)=- (%K)
Furthermora, ths ganeratoer

Gry= [d7 Yty §2 =S (- SRIE

decomposes into (> , whare

io T Cay \
G = oo P Ao d P = [for (o), S0/ P

and

Gy = JIT ¥ A ¥ = [dr(-Hyd¥) ¥ (27)
Those results roflect the form assumad by the Lagrenge functicn,

L=%5¢Au, b 95 + 2 [N, 9¥T- H(,¥)
+45¢6, 93+ 2L WB ¥

The equivalonce between left and right dorivatives cf the arbi-
trary functicn }/ y With raspect tc field ccmponsnts of the first kind,

and eof the twe expressicns for G:de)' » shcws that d f/ commutos




with all fields at the same point, It is compatible with the field equations
to extend this statement to fields at arbitrary points,

[9), S@UN] =[wn),sPGC")]=0,

provided tho source components are included,

[ €G) S ]=*70),dPx)]=0.
It follows from (27) thet the relation between & end d % 18 ome
of anti.commutativity. The opposite signs of the left amd right derivatives
of f/ with respect to (¥ is then accounted for by

Lo, §¥G)]= §pt), JHxdf=o,
provided only that 7 is an oven function of the variasbles of the

second kind, The inclusion of the source ccmponents
[f), J¥GI] = S2b), S¥ 00 =0

ensures compatibility with ths field equetions., Wa have now obtainad the
oxplicit characterization of the class of variations to which our fundarsntal

postulate refers.

Let us also notice that

7 / =~
Jf Wi, = fa«_1 (dy) 15 4E .-:g(d,«)(fi‘cfg’)l
decomposas into cfs L%J- 4 J;’ Wy o whare

. _ 7 |
de Wia = {"—(C/A)¢,fjc3 ¢ = a[ Cdx) (35€) P
and o - ‘ * g
&y Wia = [ (¥ B3I = {'(dx)(-, I ¥
7 .
Wa can conclude that acu;zee variations hava the s:l;ze cparator properties as

field variations, as alreerdy exploitad in BEq (24).

The operator properties of 7¢ o ;’, onagiven (7 can

i
H
H



now be deduced from (26), with the results

L Aoy §0, Q) Ny I = Ef Ay I (x-57),
[”(0) ¢(K), Yx) Aeard = o, (28)

Ay $0), WOV Ay R= (e o, Iy Gamn?)

in vhich . - (x-x”) 1s the three-dimentional delta function appropriate
to the surface g +» The numerical forms of these commutators and anti-

commutators ensures their consistency with the cperator propsrties of

é)q(o)¢ and J)’(o) % . The dynamical wariables of the first and
second kind thus describe Bose-Einstein aml Fermi-Dirac fislds, respectively,

wvhich are unified in the gaeneral fiold Z R ()
/
Since the rank of tha antisymratrical matrix )(,o) is

necessarily even, there are an oven nurmboer cf independent fi31d components

{
of ths first kind, say 777 {’). One crn always arrangs the matrix )/(a;)

) rows end colurms,

( ¢
We shall dencte this non~singular sub-matrix cf dimensionality X m ') bY)fm'),

sc that all aclemonts are zsrc bayond the first & 79

» and the associated incdepermdent components of ¢ by ¢ .
e Y

The first commutation relation of ( ] 8) can then be written

rd - ’ / -/ .
[$00, 9 6T ik Ay optuny
The matrix B“) » associated with Fermi.Dirac fields, is antisymmetrieal

and non-singular, Hencs, the total number of field components of the second

(2
kind is even., If wo allow for the possibility that )4(‘» ) may be aingular,
2
and arrange the rows and columns so that the non-singular sub-matrix ﬂ(:))

is associatod with the independent componants y/ , we obtain

FYM, #0052 i AL 4, (e
«23=
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P R S b

vhich requires that the roal, symmetricsl matrix oL Am be positive
P
definitc.

We shall argue that the number of indepsndent fiuld components
2}

of the second kind, the dimensionality of Am , must ba even, 2:71“:

12}
Lot us imagins that, by a suiteble real trensformation, " is brought

inte cdiagonel form, If the numbar of ccrnenants in XA is odc, the
precduct of all these oomponents at a given point commutes with t at that
point, Thus, as far as the algsbra c¢f operatcrs at a given peint is concerned,
this product is a multiple of ths unit oparator (the necsssary cemmutativity
with W at othar points on O can always ba achieved), which

PV
contradicts the assumpticn that all components of ¥V are independant.,

P 7
The relation batween invariance undsr time reflection, and the
connection between spin anl statistics, may be noted hera, Ths time reflection
transfermaticn

'X "’ -Xq ’xk= xl

]

induces a transformntion of the field

XL, X
euc}:’that :_'A |
LHA‘*LV 4 tqﬂ: L4=A'

"B LB . ML) HW

However, this pressrvaticn of tha form of the Lagmnge function

d)

is only apparent, for fields of the second kind., Since (-4 e P is a




non-negative m.tr:lx. one can only satisfy the first equation of (29) with an
imaginary ‘: + which produces skew-Hermitian field components Z'” .
But the invariance of the Lagrenge function is not the cerrect critarion for
invariance under time reflection. The revirsal of tha time sense invarts
the order of T+ and 07 , and thus introduces a minus sign in the
acticn integral, which ean cnly be compensated by changing tho sign of

in (4). We shall describe this as a transformation from the algsbra of the

]
oparators l to the complex conjugate nlgebra of opairaters /,Z .

Since the linear transformation designed to maintein the form of 2 )
, 4
£(¢. 3,.? » ¥ ). ¥ has effectively replaced i with i("v aé, ¢ ¥, R

the criterion for invariance raads
) = &
L(4a¢;v4¥) =

2
The derivative term in JL i3 indved invrriant since the matrices A;.

1e)
and ™ are roal and imaginary, rospectively. Wo fascribs this by

(6. 5,45 ¥ du¥).

saying th~t the thecry is kinematically inwvariant under time reflecticn, In

crder that it be dynamicnlly invariant, H must b3 such that
. * ] ¥ ¥
His,iw)'= H(% ),
Since H is an oven function of the compernants cf W , the

latter are tc be paired with the aid cf imaginary mertrices, charecteristic
of tho variables cf the second kind, The scurce term is invariant if scurce
and figld trrnaform in the same way.

The correlation betwsen spin and statistics anters on obsorving
that an imaginary L «v 18 charascteristic of half-integrel spin fields,

We can prove this by remarking that all tho trensformation properties of L..,

are satisfiad by
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non-negative matrix, one can cnly satisfy the first equation of (29) with an
imaginary L‘:, » which produces sksw-Hermitian field components ;’L'” .
But the invariance of the Lagrenge function is not the correct critarion for
invariance under time reflection. The revirsal of thn tims semse invorts
the order of G- and 03 , and thus introduces a minus sign in the
acticn integral, which can cnly be compensated by changing the sign of

in (4). We shall describe this as a transformation from the algebra of the
cparaters l to the complex conjugate algebra of opiraters Z ) .
Since ths linear transformaticn desiened to maintain the ferm of

,on¥)
£ (4 3.9, ¥ ) ¥has effectivaly replaced i with i(". WP v, 4 .

the critericn for invariance raads
- * @7,
L6305 v ia¥) = LI

()
Tha derivative ternm in (K/ 13 indoed invariant since the matrices A;‘
1)

ér‘/*; Y" ()l“' V/')

and A# are raal an? imaginary, rospectively. Wa dascribs this by

saying thot the thecry is kinematically invarisnt under time reflecticn. In

crrer thet it be dynamicelly invariant, H must b3 such that
. * ¥ ¥
His,i¥)*= H(@Y ¥")
Since H is &n ovan function of the comprnants cf W , the

latter are tc bo paired with the aid c¢f imaginary mntrices, chamcfaristic
cf tha variablea cf the secrnd kind, The scurce term is invariant if srurce
and ficld trrnsform in the sams way.

The correlaticn totwaen spin anc statistics enters on observing
that an imaginary L w 18 cheracteristic of half-integml spin fields,

Wa can prove this bty remarking that all tho trensformation properties of L._,

are satisfiad by
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non-negative matrix, one can only satisfy the first equation of (29) with an
imaginary L‘:' » which produces skew-Hermitian field components Zl” .
But tha invariance of the Lagrange function is not the correct criterion for
invariance under time reflection. The revarsal of ths time sense invarts
the order of T and 05 , and thus intrcduces a minus sign in the
acticn integral, which can cnly be compensated by changing tho sign of

in (4). We shall describe this as a transformation from the algabra of the
oparatoers l to the cemplax conjugate algebra of opiraters Z ’ .

Since tha linear transfoermeation designed to maintain the form of

I YW)
£ (¢. 3.9, ¥ ) ¥mas effactivaly raplaced i with f«(". L&, ¢ ¢, 4 ’

the criterion fer invarlancoe raads
. L
£(£3.0, v ia¥) =4

)
The derivative term in JL i3 indoed invnriant sinca the matrices Ap.

te)

and m are raal an? imaginary, raespectivaly. Wa Aascribs this by

(¢?, ar(}'; k/""» Ju V’).

saying th~t the thacry is kinematically inwvariant under time reflecticn, In

crder thet it be Aynamierlly invariant, H must ba such that
. * ¥ ¥
His,i¥)*= H(eW ¥7),
Since H is 2n ovan function of the comprnants cf W , the

latter are tc bo paired with the aid ¢f imaginary metrices, charscteristic
of tha ﬁriables cf the second kind. The scurce term is invariant if s-urce
and ficld trrnsform in the same way.

The correlaticn botwsen spin anc statistics enters on observing
that an imaginary L « 18 characteristic of half-integml spin flelds.
We can prove this by remarking that all tho trensformation propsrties of L‘,

are satisfiad by
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‘1 -"'S" *"-S‘“ .fl;Say
LH = l i L' E L ‘
wvhare Lq is the matrix deseribing tha reflocticn of the first space
axis, Tho latter form is a consequence of
.Y
L. Slq Ll s -Sl.‘
Tho assontial point with regard to the ro~lity of Lu is thet _(),., z i-S.‘,

is a renl matrix, whence '
* L Siy

L, =€™[, = ¢ Ly
Now S,., must possess tha same eigenvmlues as va say, which implioes
that L., is reel for an integrnl spin fisld, and imaginary fer a helf-
integral spin field, The roquirsmint cf time reflecticn invariance thus
restricts fislds of the first (B,E.) ani seccend (F.D.) kini to integral and
half-intogral spins, respectivaly. This correlaticn is alsc satisfectery in
that it i“ontifiss the deuble-vnluad, helf-intogral spin fields with fields
of tha seccnd kind, of which R is an aven functicern,

We hava introfuced seviral kin‘s cof gansraters of infinitesimal
transfcrmaticns, A criterion feor consistency is cobtainad frem the altornae-
tiva evaluaticns cof the commuteter of twe such ganaraters,

(Ga, G ] = i(8G, ), = -4 (4G, ).

namely

(§G.), + (FCu ) =0

As a first exampls, we censidar thae twe genoraters

<:;J} = fl’ fz (c;) + f'é;'v J[‘v (d3) )

and

G.. « (WlBJE

d¢ a; '
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in the reotarded description, In preparaticn for tho test, we remark that
o
Pw)« Ry [omaT,
= )y (LBAE » A BL),
[ 3

and that
r 7.
l‘u Gy ) - Ul“v(uz) s L;ldl) a‘\MApV
([T cx T v LT
K|

Since

T

-
LT, = ea(sBs. L - AS.BE),
g;;u*[_j{g(x,ay— X\,a,*;;s,v)f

K ‘*("')" "‘.,9;« *LS“y)_?B/(_].

wae heve

t];y(a:)-(];‘v‘o-l) =

2

In ths absenco of an external srurce, ‘Z: v is symmatrienl ~nd
divergoncaless, ani fa ,(I;hi are ccnservad, Fer simplicity, we shnll cenfine
our verification tc the situatirn of nc scurce, in which the infini-

tesiml Jf is A1stributed in the regicn betwasan 7. and

e g . Hence

LRi) - - {c_‘}d.} 2LXBISE

L @)= - Qﬁfdw (1.0, - ¥ 0m *4 MJLBAE_
gnv a-i

The consistancy requiremant

({G“ )x = fm(dl) (L), BdS = cfde,’

("

and

then demands that

-(J.K) =E avx’.égﬂv(x”a\"‘xv‘)ﬂ*"'gﬂv)L , (30)
x

1%

-27-



i
|
i
]
|
!
!

P Ao & B Tl AT B0 Bl A WA H Wy S %

LR NV T R R vy G VP

ST e
#

which is indeed true in virtue of the equivalenca tatwaen (J\ A ) ’
intuced by the displacement d X, , and A (/- Al#), Induced by the coorinate
transformation ‘x, « X, +dx, .

Altornativa forms cof P\, and J/w are convanisnt for teste

ing the ccnsistancy of G‘ and C’&l . Tha following rola-
A

tions dorived €)s ! - 5,
ons derived from (16) L-'{(/-:xﬁw S,.,./f,),),w( )

LAk - L A X '
’) lﬁ L,,()'XA“,( L@,UA.Q,.V'SM/JA)('

\I}

enable us to write 7;: Yy =as

T, = L&, -#(LA 1 dk Ak )+ Aauv +Puv |

1

¢ g - b ”Al
SNV IR SRt 5.4

L[S, Ll My )+ (é.ﬂ/ﬂ) S, L/

In virtue of ths artisymmetry of A Auv in the first twe indicos,
Op Rauv is autcmatically divergencalass and dces nct contribute te the

enurgy-mcmentum vacter P v
”

P . (do [£d, - £ (LA K -k Ar)e .,

v u
but Aoes anter in

J;" = (dc; [‘il XAA(iM‘)V-XV‘)M" br)

i(‘ﬁ)p~ ’v)l *‘Sﬂy)lﬁal + x“F;,‘ ‘b()au‘/

+ f(r‘d‘. X - da X,)gt .

28
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The compcnents of Pv in a local coordinate system aro

R; * fdo [H'l'ql&)am‘ - 1';(?81‘ X 8?)_] ’
Pﬁ} : {clq—[:~,(/h,,3mx ' ﬁm“]-

while thoso of I‘v are

J;v’l‘l = Xy By - )/Ja' Ka [H - (LA ! —‘JII)IHII’))-%(EBI'lsi)]
- -‘1—4 gdd' k {A(,, S(o[(U + Sl-)(4) All) )l, .

; 2
J, = {do (XA, (% dor - Yiday * 4 Scane )X T x"’("""]

(R)t)

(3.1

The quantity ﬁ‘ " i3 clrsaly related tc the infinitoairel

axpressicn of the scnl~r character cf H

H(K-<t€a, SuX) - HiX) =0

Wo can, indesd, ccnclude that

fov =0

if H 1s no mers than qunairatic in the orrpenents of varicus indepsndent

»

fields, We shsll alsc prova this withcut tho lattsr restricticn, but, for
simplicity, with tha limitaticr that there are nc oqueticns of censtreint,

Tha commutaticn raleticns equivalent to (30), [X ) Pv] - ( :”)a,  { ,

(R = ()0 =n e s )X

imply that

X, Ny ] = Sunk

whare

/V“V:J;V~X“PV+XVR‘

-”-
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This enables one tc¢ sxpruss tha scelar requirement on 7“(

THoM,T-c

-’

in the form

The components

N [da" (Xyar = Xiw) Hovt - & ('I A ‘);:"X ~dud |
-p(eBAe A
| ) '_
)f'/d-’a / M,,,g..,.,p t Swnm A'd'//

do net invelvo ths unkn~wn {4:“ L0 o Accerdins te cur simplifying assump-

A’ulh)

ticn of ne constraint squatirns, tho cemmutatcers (anti-cormutators) cf all

fiald crmpconants at X and A contain the tho thros<dimmsirnel delta

functicn \&;(bx'/‘ , and tharafcra vanish whon multirliod by

X, - X.,nt « Furtharmcre,

"

1 4 ‘\( \ (‘ -‘/
[H"ll.l“" (/1,‘. + ( ). e 0. (X

and

' | = A H [ -x /
A,\.II'L:" . d‘x‘,~J’ -7 { /) Cr : )
frem which we cbtein
T L I b T
’]‘/:4 . "lul!‘.l_} = 4 etk

With this infrrmati-n, ths procf 1s easily sxtandad te all comrcnants cf

-
fh « Thi ccnsistency of the ganorators '\J“ and

requiras that

% (;\ {F./P ff'k r M }: ]/{j— (i’/) o <
L v .

=30~
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(d(r (*avy = A Ja "‘““”)x .1,/10» Cs\l

or C\
4 "T )L )/1',,(?/(
which can new bs varified from the oxpressions (31) and (32), with {iwfa,:c

Chargod Fiolds

Our eccnsidoratirns thus far spscificsally oxclude the sloctro-
magnatic fiol? (ani thu grnvitatichnl fiold). We intrcducs thu cerncapt of
chargs by roquiring thet tha Lagrangs functirn b3 inwarient under ccnstant

phaso (special grugi) transfrrmetirns, the infinitosimel varsicn of which is

{ = (1-4 A&/
Hars (f‘A is n ccnstant, and f. i3 an imaginary matrix which con

be viewa? as a rctnticn metrig roforring tc a speco cthir than the frur-

dimensicnel world. Tho invariance raquiraront irrlizs thet

‘Leoc b
ar
4 .
(bl = DC
and r g
. i | I { .
IR T
and that

Wo nrw writs tho genoral variaticn asg

d( APy EFTS IR SN

‘4 A s charncterizing a local phase trensfcraation, is =n arbitrery
functicn of X , consistent with cconstagt vrlues en ., and on 0

The adiiticnal ccentributiecn te Cﬁ(dﬁ) thereby rrcduced is
dudr - £ [6BEA-XBEE)DA,
PR I\

«3]le



or C‘x]... (do‘ (*avy = A Ju » ‘“‘“")x A Ao (s‘)'
‘-")':\' )Aﬂx
50 iy A2

which can new bs varified from the oxpressions (31) and (32), with ﬁ‘,,“’
4
1 Charged Fiolda
%
1 Our ccnsidnoraticns thus far spscifically oxciude the sloctro-
F
l magnotic fiel! (ani thu gravitaticnal field). We intrcdues the cercapt of
; chargs by roquirirg that tha Lagrangs functirn b3 inwerient unier constant
) phaso (special gnuga) transfrrmaticng, the- infinitosimel varsien «f which is
; { < (1-i  NEJS
) Haro (r)\ is a ccnstant, and f. is an imaginary matrix which con
¥
4 be viswe? as a reoteticn rmetrix reforring tc a speco othsr than the f ur-
i
t dimansicnel world., Th) invariance raquirer:nt irrliss thet

)
= pCcb

¥ or

#
(B =
and . :
Vol .
FIN-IRTN
and that .
H (K - daEA )= At
{
Wo n.w writ: the genoral variaticn as
5(2’/):\:’\}-%{2“(5)(\')5)')’)' -"(*/\gl'
whera d'A , charactarising a lccel phase transfcranticn, is =n arbitrnry

functicn of X , consistent with constapt vrlues en O, and on a. .

P 3B e 55 B G AV I ol A WA A aq T

The additicnal centributicn to d ,f) thareby rreduced is
3. 3uin - & (SBEA-XBES) A,

3l
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whare

j .-/,/(/quél
1“- N
1s ths charge-current victer., The steticnary ncticn prineipls requires that

3 Ju = isve-abES),

and yislds as the phase transfcrmation gensratcr
',' . - d{"" , . - \ .

. A JC‘ K j" d A G JA'

where Cj? is tha charge cparator,

The integral statemant dirived from (33),

: a .
Q(G‘.) -Q(\n; =( (A 1‘(2{%1’_ g.. i{ﬁ};: Y ,‘
.J"" -
beccmas tha ccnservaticn of charga in thi e=bsancs «f »n oxternrl scurce, If

an infinitesimel scurcs is intrcfucel in th: ropicn teun-ad by ., an?

(T; , w3 thon have, in the rotardae? Asscripticn,

1]

E,/,\}('E) -4 ,{r(c“) a Skt

1 [OU‘,), (:‘((5""/

1t

whence

G mes

This commutatien relati-n also fcllews “iractly from tha significance ~f

(Zi(A indicating tha ccnsistency of thu lnttfr with ‘::347
Wo shall surprse thet tho matrix &W is an ~lsmont of tha
nlgetra ponarated by f5~”i“ anAd _S,‘y . It follows
that f% comrutas with é£ y »nd tharcfora that tha latter is exyplic-

itly Hoermitien,

g2 8

- oo

-32-
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Such an antisymmotrical, imaginary matrix prasesses reel eigenvslues which
are symmetrically distributed abrut zore; nen-vanishing aigenvalues occur in
cppnsitely signad pairs. Since g commutos with a1l members of the
abcve-mentioned algatra, ths charge-bearing charactar of a givon field donunds
urcn the reducibility of this algebra, Thus, if tho algebra for a cortain
kind of fiold is irreducidble, the only matrix commuting with all membors cf
tha nlpetra is the symmatricel unit matrix, Hence éf =) , anl tha field
is elactrically neutral, If, hewever, the matrix algetra is reducibls tc twe

similar nlgetras, as in

,4 = /’/;u 0 V\‘
U \ (") ’ A‘n
ths matrix E exists an® hns tha ferm (with the srme partiticning)
X o
E-¢c ( ool
This dascribes n chargod fials, ccmposed of yarticles with chargos *e ’

ths eiponvnlucs ¢f «f ' o« If throe similar algotres ara invelve?, the
field centains particles with charges O, te .

Tr present é ns‘g diagenal matrix, we must fcregr tho chceice
of Hermitian field cempenonts., Thus, for the axamrle of a chargad F, D, field,
where tha fiald compcnents deccmpose inte S A Y. , correspending to the
structures (34) and (35), the mutunlly Harmiti~n ccnjugete oporators

RIS FHEVER RN AV SRV AV
ars asscciatad with eipanvaluss A amd - € , raspoctivaly, On
introciucing these fielcd ccmpenents, the derivative term in thy Lagrrangs func-

tion, tha elactric currant vectrr, and the commutnticn rolations, rospoctively

NN R R IATY AR (35

read

. ~ {57)

R TR TN FL AE AN

13-

PRI
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and

A w0 Yery,,b - Y U A.} = (43
L,) AT ] L] o

. r /
[ ) L. 3 / 1 - ’K'l/
‘f/ i) A/o; r - ‘? 4!)’4'..;“/: “"14){’ / /,' ! f' A A"’ C"

(
i/%.u "“(l}

3 ga-c
There 1s evident symmetry with respsct tc ths substitutirn ¥, P

el
Since \H,, an” Vﬁ) are Hormitien e~njugato cpornters,
w3 c1n arbitririly selact cne as the primary ncn-Hermitjsn fiold, Vo ghall

writo
, -l
Lo

and

., TP

~
@:
<

This yinlds tho fcllowing ferms for (34), (37), ~nd (38),
T = o - -
[ ! TR i : - ] .
5[y Yeiziduyy s w|lsla Y r v Ny
5 :

et[vy v |

and -

) - _ .
{}"-/ ISCTI N LA \.” 7., Y(x/f,‘,i
'— 0 L - r . ,
{379: i) w(‘lﬁ/mJ ‘I,o)q,(l x').

Tc expross tho n-w slightly nbscurad symmetry between pesitiva nnd negntive
charge, w3 cnll kf{-, the charge ccnjurata fleld
;e - W (40)
+ = (-6 )\/t

and state this symmetry na invariance under tho substitution “,VH Y: ee-c,

iy
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The matrices a;

-t

‘5:’ Bk

, =0, 3 oboy

and
-’

-

3‘ :'ﬁa;af/'

/4
since they aruv pursely imaginary matrices. One shcould alsc recall that EB
is an antisymmotrical, imaginary matrix, 1f we wore tc depart frem theso
spacial structures by subjecting all matrices tc an srbitrary unitary trans-
fcrmaticn, we should find that the only formal changes n~ccur in (41) and (42),
vheras the matrix 13 appears mcdified by man crthegennl, rather than

a unitary tranafcrmaticn, Hence, in a gsnarsl representaticn these ~eu~tions

.read

~ Y |
Yu =~ C J; (

whare Cb still exhibits the symmotry ¢f fj, apprcpriata te the examrlo of a
half-integral fisld, ~
7y —_ ___"
c = -C.
Tho commutetion relaticns (4C) are in ths cancnicel frrm which
ccrresponds te the divisicn of dhe indepsndent field cemrenants into twe sots,

such that cne has vanishing anticermmutatcrs (ecmmitators, for an interral srin

field) among mombers cf tha same set, Tho ganoratcr cf changos in §/
and % Eq. (27) in tho nctaticn of tho charga? helf-integrnl srin

field example, 1s i
= i.(ﬂr (*/f” rY"d ¥t
Jr '- A / /
¢ !
which can bo deducted directly from the Lagrango function darivative tarm (39),
Agscciatad with the freadcm ¢f nltaring the Lagrange function by tho addition

cf a divergonce, are varicus expresaiéns for genarating onaraters of chenges

35
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in the field compcnents. Thus, we have tha following two simplo possibilities

for the derivative term and the associated genorating cparatcr,

-xry, vy ]

. (e o o

(\Jé L1 S A )L(U vfl-') () y ,
and

S A (VA

:l “ UM 5‘ =4 ,kt .J/'

s Aidy JY Y

\_VT'\‘ 1

Evidaently <) : y for axample, is the renurstor cf alter-
¥ '

aticns in the ccrpenants Y. , with nc chnngsy in V’ r.. . The

nsscciatad comrutation ralati-ns,

.. Y ~
(Y4 .’ . ! - . . i/
f " + R I P = < Yoo \,' '

ars satisfiod in virtuz cf (40), and, crnvarsely, in crnjuncti-n with ths
analcgrus statemunts f'r C“)647 y imply these cparat-r precrerties of
the fi21d ccmpenonts, The cennectirn with the csncrater in the symmatricnl

trantment cf all field compensnts is given by

. , o
‘ o . ° - - + - ‘u
"\ ‘r\“.(‘ '/, A (JL(‘\*} i ~ “\U Y
which indicates tho cririn of the factcr (1/2) in tha gonaral Eq, (26).

The postulate cf ganerel prupe inveriance m~tivatis the intrcduc-

tion cf the slectremagnatic fiold, If all fiaslds ani s-urcos aro subjactad

-36—
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te the genernl gauge transformaticn,

’ Cea A g / “
X- e yo- L€
The Lagrange functicn we have basn crnsidaring alters in the fcllrwing marner,

f - K N 4‘;«()/\

The additicn cf thy electremrgnetic fiold Lagrengoe function,

) r | - b

S { ' -1 - A ) r (v2)
I:i ’",’ )- \_'4," ’ AM}- ", ?Eﬂ")‘gf]\, rj’ A)} < "qy 7 Al
trovidos a compansating quantity through the asscciated gaure transfermrticn

ﬂ = /‘:u’)}‘A

Ater &

/‘
Tha term invclving the sxtsrnal currant J’. is effectivaly gaure inmre
iant if

:9 | =
lw W )

since the meAificaticn i3 in the ferm of » divorgonc:. In the same sense,

there is nc cbjactirn to emrlcying a ferm of the Legrancs functien in which

[ Y Pt o /
tha sscen’ term cf (43) is rerlacad by T‘((’f“» wis ) 71, Jﬁ
Wo write the reneral vari-ticn of /L“,n in the fcrm

~ "o S
d IH( / = ’-fﬂ - (""
—~ -

JX. _ay‘("x,u ‘(H -il '-"J}~gx;/"l)yd‘{" A’,H
: 4

V)

AR
Lo X, ) H"

] 1

m I {/“
which ascribas to /:‘]# tho same transfcrmeaticn proparties ns the gradiont of

a scalar, thus rreserving the pcssibility of gaugoe transformaticns under arbi-

trary ccordinate defermations., In a similar wny,

SiF) = A6, = Dt ) Py = (X Fay
With rogard to the derivation ~f the eloctremagnatic field oquetiecns frem tho
acticn princirle, it shruld ba noted thnt poneral gnufe invariance requiros

that the s-urces of charcec fialds dapond implicitly upon the vactor potentinl

-37—
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/q/ . We expreas this desponience by
(}4:{(‘): )'/fh'(d,ffl';’: !1”!“) ‘3 {:]N(X)c
Since the infinitesimal gmuge transfermaticn, ¢ "'4';4 ’ 'C),' C,( A , Must

~

induce the change . €= -7J NE £ , we learn that

A (L8 i ) - 4 & Fx dix-xt).
One cbtains the fcllrwing field equations on varying F;‘ v and Hy

in the cemplete Larrange functicnm, (Yt )
!:A:V = \)u HV _()V H")
3y Fov s e ¢t \

verd

K ITY S .
vhere iy 1 TGRANARTTI)
SR R S CEAY GRANERVAL (L

. #“u)zi{u{x’[(‘f‘( /CH’{'II ’ x ‘
is tha centributiecn tc the tctal curront vectcr assceinte? with charged f‘ield.
scurces, We derive from (45) thet

. o~ |
C)“f’\“ = LA(FbC_X - lﬁgf}

But tha total current vectcr is diveryencelass in ccnsequence ~f tha electrec-

magnetic field equrtirns, Therefcre
A = L(EBEL-ABES)

which is in apraement with (33),

Aftor remcvine this tarms in é?ﬁm;} thet centribute t~ the field

equations, we are left with
5( Kc"\é} =z j' 6/}# 7H»~§' ) )ﬂ(r;y C’(ﬂy}+ (il X,
S L mek # O E (e h’j R A )

- 0.dn)d A,

LY
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in which

§ 0T Auf =i b XA € (2, R - X SA. sz.

This term alters the fleld squatirns of cherged flelds,
24 (R - E55R.28) = ($2)- 6%,
(X 2R 2 = (2)- 8.

Wa have anticipated that nct all compcnents of I: ccmmut.e with %

The tenscr ;.y is nev obtainad as
7 : : (+9)
- .., . ___ R/ S ) >
Av * 5#/‘ /L!-A{ 3’(‘]@':1'1//{'1;;/,
where . stands !‘rr (20), but with? » thy ccmplets Lagrange

. -

function., Tho acticn principrle surrlios tho Aiffarantinl oquatisn
- 1/ - ') ' .
Qhlow =H(XBAYS +4§EBL)» Ho O L. . (50)
The divercence term in (48) yields the infinitesimal genarater

Cyn == 95 For SR, = [do £y I Feas, G0

while the Lagrange functicn with the derivative toms (44) wuld pivo

Ggl‘ /;/0- 9 /7 /0/7 or(o;(;@) gﬁ) ’ (s2)

The change in tho actirn inteprel precduced by n variaticn of the

external currant ur s viven by

J L\/ ‘/(O'A’jrr\]—/q

If J\j/‘ has the axp'iicitly divergenceless form

Sh= A 8 s s =My (53)
whare er/AV vanishea on g- and 7y , e find that
i - \
Jr%l —“«é (In)g v b
=30
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which makes it unnscessary tc introduce an external scurce that is directly

ccupled to the fiald strength tanscr //“ .

Tha spacial mature cf tha elactremagnatic field(”ia apparent in

(3) Papors doaling with the situation poculiar tc the slectremagmetic field

are legicn, Of tho rlder literature, the clcsest in spirit te owr preceduro

is that of W, Pauli, Hend, der Phys., Vcl, 2, (Edwar<s Brothers, 1943).

the ferm of the cperater (53) genaorating chnnges in the local electric fisld

ccmpenents, Since cne cf the field aquati~ns is the equsticn «f cecnstraint
o, F , =1 T
() (o) %) = (o) ’ ‘(o) * o) (54)

ths thres vqrinticnsc(/:‘ cannct ba arbitrarily assigned; tha elactro-

J0) i)
magnatic fi0l1d and charped fiolds ars n-t kinamatically inderandant, This

is evidently an aspect cf the gnuyre irvarinncs that links ths twe types of

fislds., Altornatively, we sec frem (51) th-t /'7‘(0) is ot a dynamical

variable subjact tr indarendent variaticns, But thure is nc fiold equation

that expresses 4)‘ o in tarms of independont dynamical variables,

in virtue cof the artitr~rinaiss =sscciated with tho existence rf gauge trans-

Farthermore, @ varalion -F i ey in THe Form ofF a graenl Tha? is o
formaticn, Tyie‘lds a gsnornting orsrat r which, in ccnsaquanes of (54), no [

Crrung-

longer contains slectromegnatic field dynamical varieblss. Thus, in oithar;*«;v’m—
a non,

ferm, (51) er (52), thers are cnly two kinamatically independont variaticns

rf the alectrcmagnetic flel® quantities,

We now aprly thess gonaraters te deduco cemmututicn properties

for the gaugi invariant fi,14 ctrength cumpcnente, According to the offoct

cf a varintion o ~1(*) upen the lecal comrcensnts of &v ,
we have
" - -

/ .
L}(w:‘é) ’ r"'*') AR
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whence
N OS Frpin (X0 = 0, (5s)
and
,c 7 (br%)
s ’ - . - - _ g ]
LA (£) (i) (oxmy (X7 2 ’(J(i)(mn on Jm)(m.)%ff(‘ i
In using Gdf‘ , we must rastrict the electric fisld wvariaticn accor@ing
t -
) o gff' =0
() (o)) /
which is identically satisfiacd on writing
SF = c) é 2, -3 _ _ Z
(0)( (07 )0, Bhjer = “lopk)

This yields tha fcrm

/d’ 3 /ﬁ)(i) J 2 (e X0)
The expres*:icn of chengas induced bty S~

(0)(6) )
[/?-ﬂijlﬁ) TG F -7 T o,
£
[ (%), F /- 10)(\6)

J
then provides the cocmmutaticn rrorartioes

['f:e)m (x), €»~m; (x’) =0,

o, (x
[(o)(é) )I (0 (m (x)] J(&)/H?w) 0((4)( ) (p))o (y—x)

where tho latter is equivalent to (56).

(57)

An alternative derivaticn employs en infinitesimel change in the

extarnel source, distributed cn (the negative side of) g ’ X(o) =0,
J f
‘ 7 = /m d /
M v M X(O) )/
‘101-
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for which the nssccinted gonerater is

G = (d i L
7 M F ) L
S = f Z/? (RICH) (RIP) (M'(o;f&) toi! %) J
The alturnaticn producsd in the field ccmponsnts follcws from tho fiald equaticn

(47), and the fcrm ~f (46) given by

e v A A g
Thus,
o (SF M - _
oun =3 M) = - 24 J{#,)m * Y S,
o) SFy = d, FF I
(e) QJ(I’) B J(l’) ;-0)(*&) - 9(*’) Teses

vhich yields tho fellrwing discontinuitias in (j/'— cn crcssing tha surface

g
ww)] Hé) J’”’(#‘ew) )

re ] !
Eonis ) %0 d Moy - s M er10)

In the retarded descrirticn, thise disccntinuities nre tha nctu~l changes in
the fisld ccmpcnants ¢cn &~ . On referrin,: tc the genaral fcrmulna (23), we

~rbtain

a0 do - [F G
(%) (&)(F) (oyie) ) e J.
digy d ) 4 -/,
(0) O™, ) hy ~ Dby @ -/ F ‘.
o) k) () ( . ;
0)( X) tefy) m ‘/
In view cf tho srhitrary wlues cf J‘/muv on ¢ , thase oqueticns imply

field strength commutaticn relaticns, which are identical with (55) and (57).

Wa giva a rolated rrccedura which alsc 1llustrates tho rrssibility

-62-



of evaluating cormutaters of field quantitins at roints in time-like relaticn,
The twe fiald equetions (47) and (58) can ba combined intc (we incerpcrate
h with 4y ).

QAFM’ 4»*)34“ )

A change in the extornel current, of the form (53), ylelds

L o o~ -~ A RY r
- 3Aqu;y ‘a,uoh(?\) + ay(;;,?» '9,-'/)/\ O' NVAQJvdAd’N'“‘: (-,7)

wharo, in the rotarded dascriptien,

° - ) | i
4;5;“) /}F-(x/ f(dx?;cfﬂmu) .{
L(Ax)l g ey x/,L[F N

and n is tha discentinucus functicn

1y

Tox-wy =l XA

tE
I W AT TR DL VO B E 5 I TR et B 5 000500 S T T RN
.

{1 '
: O ) Xu ( x o
Wo hrve a similar expressicn fer ({; j, (x) . Cn comraring the cr=
of ficiants ~f m (x) in (59) (cur twe trastmants emrlcyins axtornal
AK

scurces are thus distinguished by surfeca and vclume distributicns cf d M.y,

resractively), we find

._a \(x—x) [FJ;)FX (‘)] A,,? (x- ,)[ (0 Fal x )]
SRR TR G JE NOE D WP WS SR L LR

2 /H_(x - Kl)tbr“&&"j
(g

- x) |
The value of &« [F;y ‘”) F;" ! 3| for squal times is thon cbtained frem the

B NG AW 3 e BN VAR Y Ny TG

ccafficiant cf the differantiated deltr functicn of tho tims ccerdinate, with

the anticipated result.

~43=

I e, Dbl 70




In the approximation thet neglects tho dynamical rolation between

currents and fiaslds at points in time-like relqtinn, the r'ifrerential aquaticn
‘ ' -
(60) has the soluticn. // (x- x')a [F ') “ J -
= (J;Aaua; 'dvn C),l‘aA dpAa al a a )D»u,t (x-x )

whare Dut(l"X') is the familiar retarded scluticn cf

N D, =0 (x-x1.

ad we emplcyed the sdvmncad cdescripticn, V’ would ba raplaced by
- s whero
/- 3 X, 7 X,
Wox-xp= 0 e
= | Xo"« )

and tha advnncod scluticn of (61) would appear. Subtractin thass twe results,

wo find

- ;- \ - N . -
. ™ [ - R hadiF A P -
ALF;)'“), }‘AKM)J = (Ov,\)an Ovn G Ca ('\,,~ng J J j,\ )_U(X })
in which 1)(!"') is thy hcm~vonsrus s:lutien of (61) previdod by

D’:DMA‘DOJ\I'

The kinematicnl relaticn botween tha slectremepnatic fisld apd

S wiz
C N Py S W WL KR ¢ 1 LB 20N it m&wm
. e

chary-ed fields, cn n piven a y 1s mcot cloearly indicated in a syacial

chcica of gruge, the sc-callad redietirn geuga,
- = () i
a‘é)ﬁ'” L (¢t)

With this chrics, tho c‘“StT“i“t 3qu°ticn for tha elsctric fiold reats
all) Eolll/ = L) A/ A(a) Ju

sc that thg scnlar rotontinl is cemplately ~“stirmined by tha chorge Aonsity,
A, L(,(g» @f (-x'i (4, + o)

ov T
i) (X‘!x') . z/!—? (/M/"/'us)/ /
T

whera

I S ATt sl ¥4 - 300 57 B 5 1 T I i WE T Wy Ny S
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Evidently, ,q,m Acos net commuts with tha cempononts ~f charpod fislds,
In this gruge, thon, the dopendsnce cf the elactric fiald upon the charged
fiolds is made oxplicit thrcugh thu docrmprsiticn of tho elactric fiold inte

transvarsa and leneitudinal parts,
ho,M) = —a‘g' /q(&) ,‘)afk,/qto)

(r)
2 Fl(‘l(k} + f’—”’x’“

Tho inference that the trrnsverse fialds are the indarendant
dynamical voriahles cf tha alactremnenatic fi312 in this gauee is confirmed

. Indooud,

—
cn axaminine th: cinaretors GOA and (_3.
!

’ [y L = (. T
C?dﬁ = 'de |I'n"v)(1 H(‘)- f(‘r l,,,y[‘/c,’h,h;'
and
~ - 1 ! ,{,. J/’:(r' "
C] = ’ O{T O i :ka,f 2)( ' AN, ’/Li")
gz
in viow of tha transvarse notura of /"f(k) , Eq. (62), ¥3 c7n now

da2riva tho commutetion ~recartiass of thase Aynemicenl vrriatlas frem
(ri

['H/lu ) Gc'ﬂj } '(";H""' J [Eou&' ' Gd’ﬂ _7 =0,
] ] -

-7l ;"
r (TI ’ _ 4 - ‘ [/; u : | O
LF“’"“ 'GJF.} T4 H ‘-(”’M’ y L Testy dr, )

cn taking inte ncccunt the restricticns
- (7!

au\) -/:’)(AI = ar&) o 4",9,,,,,) =0

rroduced by the transverse natura cf those quantitiss, The Laeranpe multi-

rlier cdevice parmits us to daduce thet

3 — (T) _ ' J )
|/ | = -y}t o A
/‘[ﬂlﬁl‘” ,hal/{/(')] (,Aru/a;(l iz

-4 5=



The divergenceless character of the trensvsrse slectric field suryliss the

infcrmation

2 c .
(0) ’)‘CM - a(*i: o (x-x );

whence

A(:"u = (ﬁ) J .
Thy resulting commutator
- r) N o,

f .
IL.H . (K) [. L \X 7 = r)( 3 ’(— P ) , =
(& 770 nea (heithr < (xon7 = gy J oy i bk

- ((‘Q)(k') é‘a (X-X'))(”

/
1s alsc ccnsistent with the transverse naturs of /A (%) The remaining

ccmmutation relaticns are

[ (%, (x) 'L(ﬂ)(x )] [ (o,(,” ')() i~ T "_:().

(aace) VX7
We shall use tho deviea of tha oxternal currant tr dorive the

commutation relaticns batwoen the slectromagnatic fiald tensor and tho dis-

placomont generaters A T Lo According to (49) amd ( 50) ’
> v _
/ ((7—) P (T) = %{;‘7’“(‘/‘)[ . ,C/;\ () JA _J, T

1-F T,
J,“,p) Jor G “o ST ol R, (x T
ca

D]
in vwhich we have ind

only thi”tdims containing ths axtar;nf urrox?c v Hf‘ %
We consider an infinitosimal change in the latter ncssessing tha form (53),
In tho retarded descripticn, the resulting changes cof F_;’ anc -.7”

on U/“ are

S K%)= *f (AP M, 0~

)
Ao T (o) - _ 77 :
71 e () 4 (dnf £ &1, 00, -2 3,5 A
3Ty F J/Z\ ]
When expressed in terms of the generator




- e
G, = s id by
an

T

thy followins corrutatcrs are 2ncsurturad,

—

- N7
‘ Lyban k = Ju Fan ,

o~ ~

-1 . - s - " r C .-
R - . - , & + - f,.-,' - - }.
A B Uy | (33 = % i i ™ un F W'«Fw Tealye al

)

- .

Tyet iy wo romerk thel Aho axtoonsion of (01) te inclula ko

viwtromgmatic foald, in tho radiaticn gaure, i

- T/ , - ‘ -’-‘ .
P e [EE TN p R H - R A (e a0 r
(v) ) ’ N 1
- ) RV7R o B !
TR iUt e, - (DL ABS
KA ’ v

and

{

B b : Ch j
p L"io: l-(.ul’ , rl‘x'll',')L - N ‘,*/“(alkl/( J

-
14 ‘}“T

p
In arrivine at tha cxrrassien for F/.) y thu nca-cervutativity of /f.,,»
with /( must ta takan inte ernsldameticon, but orcluc:s ne actunl

centributicn, a veariaticn of aech cof the inlarantant fiol's rislds
i

- o . - - o A
éa = {'{TKJ/‘:M‘; Q,AIA.) "’5 Fin) e Troras O K2 Ao A

waich confirns the crnsistoncy of thy trensiatics coeraroter with the veri-us

fisld wariaticn gonaraters,
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